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Polar coordinate (R, θ) representation is proposed for the plot of Hb(rc) versus (p2/8m)32Fb(rc) in AIM analysis
to classify, evaluate, and understand weak to strong interactions in a unified way and in more detail; Hb(rc)
and 32Fb(rc) are total electron energy densities and the Laplacian of Fb(rc) at bond critical points (BCPs: rc),
respectively, where Fb(rc) are electron densities at rc. Both the x- and y-axes of the plot are expressed in the
common unit of energy since Hb(rc) ) Gb(rc) + Vb(rc) and (p2/8m)32Fb(rc) ) Hb(rc) - Vb(rc)/2 () Gb(rc) +
Vb(rc)/2), where Gb(rc) and Vb(rc) are kinetic energy densities and potential energy densities, respectively.
Data employed for the plot are calculated at BCPs for full-optimized structures and optimized structures with
the fixed distances (r) of r ) ro + wao, where ro are the full-optimized distances, ao is the Bohr radius, and
w ) (0.1 and (0.2. The plot draws a helical stream starting from near origin (Hb(rc) ) (p2/8m)32Fb(rc) )
0) for very weak interactions and turns to the right as interactions become stronger. The helical stream is well
described by the polar coordinate representation with (R, θ); R is given in the energy unit, and θ in degrees
is measured from the y-axis. The ratio of Vb(rc)/Gb(rc) () k) controls θ, of which an acceptable range in the
plot is 45.0 < θ < 206.6°. Each plot for an interaction gives a curve, which supplies important information.
It is expressed by θp and κp; θp corresponds to the tangent line measured from the y-direction, and κp is the
curvature of the plot at w ) 0. The polar coordinate (R, θ) representation with (θp, κp) helps us to classify,
evaluate, and understand the nature of weak to strong interactions in a unified way.

Introduction

The atoms-in-molecules method (AIM)1,2 enables us to
analyze the nature of chemical bonds and interactions.3-8

Electron densities at bond critical points (BCPs: rc, *) (Fb(rc))
and the Laplacian of Fb(rc) (32Fb(rc)) can be evaluated experi-
mentally.1 The Fb(rc) are strongly related to the binding
energies9-16 and bond orders (BO).17 The sign of 32Fb(rc)
indicates that Fb(rc) is depleted or concentrated with respect to
the surroundings since 32Fb(rc) is the second derivative of Fb(rc).
The Fb(rc) is locally depleted relative to the average distribution
around rc if 32Fb(rc) > 0, but it is concentrated when 32Fb(rc) <
0. Total electron energy densities at BCPs (Hb(rc)) would be a
more appropriate index for weak interactions on the energy
basis.1,18 Hb(rc) are the sum of kinetic energy densities (Gb(rc))
and potential energy densities (Vb(rc)) at BCPs, as shown in eq
1. Equation 2 represents the relation between Hb(rc) and 32Fb(rc).

Scheme 1 summarizes the role of 32Fb(rc) and Hb(rc) to
classify the interactions. Interactions in the region of 32Fb(rc)
< 0 are called shared-shell (SS) interactions, and they are closed-
shell (CS) interactions for 32Fb(rc) > 0. Interactions exhibit the

covalent nature when Hb(rc) < 0 since electrons at BCPs are
stabilized in the region, whereas they exhibit no covalency if
Hb(rc) > 0 due to the destabilization of electrons at BCPs under
the conditions. Hb(rc) must be negative when 32Fb(rc) < 0 since
Hb(rc) are larger than (p2/8m)32Fb(rc) by Vb(rc)/2, where Vb(rc)
are negative at all BCPs (eq 2). Consequently, 32Fb(rc) < 0 and
Hb(rc) < 0 for the SS interactions. The CS interactions are
especially called pure CS interactions for Hb(rc) > 0 and 32Fb(rc)
> 0 since electrons at BCPs are depleted and destabilized under
the conditions.13a Electrons in the intermediate region between
SS and pure CS, which belong to CS, are locally depleted but
stabilized at BCPs since 32Fb(rc) > 0 but Hb(rc) < 0.13a The
redistribution of Fb(rc) occurs between those electronic states
in this region.

We have paid much attention to weak interactions19-28 since
they determine fine structures of compounds and create high
functionalities of materials. They play an important role in
physical, chemical, and biological sciences.29-33 It is of high
importance to clarify the cause-and-effect in the phenomena
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Hb(rc) ) Gb(rc) + Vb(rc) (1)

(p2/8m)32Fb(rc) ) Hb(rc) - Vb(rc)/2 (2)

) Gb(rc) + Vb(rc)/2 (2′)

SCHEME 1: Shared-Shell and Closed-Shell Interactions
Related to 32Gb(rc) and Hb(rc)
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arising from weak interactions, with physical necessity. Very
recently, we reported that the characteristic helical behavior
appeared in the plot of Hb(rc) versus 32Fb(rc).34 The method
must contain the high possibility to classify, evaluate, and
understand weak to strong interactions in a unified form. To
improve the method for the better understanding of interactions,
we came to a conclusion that Hb(rc) should be plotted versus
(p2/8m)32Fb(rc) since both x- and y-axes in the plot can be
expressed in the same energy unit as shown in eq 2.

We propose the polar coordinate representation with (R, θ)
for the plot of Hb(rc) versus (p2/8m)32Fb(rc). Any distances on
the (x, y) plane of the plot are given in the energy unit since
the x- and y-axes of the plot are given in the energy unit. R in
(R, θ) corresponds to the energy for an interaction at the BCP
in the (Hb(rc) - Vb(rc)/2, Hb(rc)) plane relative to that without
interaction (corresponding to the origin) (see eq 5), and θ
measured from the y-axis controls the helical figure of the plot.
Each plot shows a specific curve if data at BCP for a
full-optimized structure and those near it are plotted (see Figure
3). The curve must also be important to understand the nature
of the interaction. The curve is expressed by θp and κp; θp

corresponds to the tangent line measured from the y-direction,
and κp is the curvature of the plot at the BCP at the
full-optimized structure.

Scheme 2 shows weak to strong interactions examined in this
work;35 these include van der Waals interactions (vdW),36

hydrogen bonds (HB),11,37 molecular complexes through charge
transfer (CT-MC), and hypervalent adducts through CT of the
X3

- (trihalide ions) and CT-TBP (trigonal bipyramidal adducts)
types. Some classical covalent bonds of weak (Cov-w) and
strong ones (Cov-s) are also examined. Marks with colors in
Scheme 2 correspond to those in the plots. BCPs are described
by s*s. Methyl derivatives are mainly employed here since
the AIM data must be close to those of usual compounds relative
to the case of the parent hydrogen derivatives.34

Here, we propose a method to classify, evaluate, and
understand weak to strong interactions in a unified way in more
detail by plotting Hb(rc) versus (p2/8m)32Fb(rc). Hb(rc) - Vb(rc)/2
will be often used in place of (p2/8m)32Fb(rc) without notice
since (p2/8m)32Fb(rc) ) Hb(rc) - Vb(rc)/2. The polar coordinate
(R, θ) representation is employed for the plot. The (θp, κp)

parameters are also used to specify the curvature of each
correlation. R is given in the energy unit, κp in the reciprocal
energy unit, and θ and θp by degrees measured from the y-axis
and y-direction, respectively. Indeed, the plot of Gb(rc) + Vb(rc)
versus Gb(rc) + Vb(rc)/2 is the synonymous representation to
that of Hb(rc) versus Hb(rc) - Vb(rc)/2, as shown in eq 2′, but
we will employ the latter since it seems easier to image the
summary shown in Scheme 1. Weak to strong interactions will
be well analyzed by the treatment.

Methodological Details

SpeciesinScheme2areoptimizedemployingthe6-311+G(3d,2p)
basis sets for C and H and the 6-311+G(3df) basis sets of the
Gaussian 03 program for atoms other than C and H, unless
otherwise noted.38 The 6-311++G(3df,3pd) basis sets are
applied to C and H when hydrocarbons are calculated. The
Møller-Plesset second-order energy correlation (MP2) level is
employed for the calculations.39

The full-optimized X-Y length in question is given by ro(X,
Y) () ro). Optimizations are further performed with the fixed
X-Y lengths r(X, Y) () r) around ro to elucidate the trend of
the interaction more clearly.40,41 The fixed lengths are given by
r(X, Y) ) ro(X, Y) + wao, where ao is the Bohr radii.42 Data
with w ) 0, (0.1, and (0.2 are employed for usual cases.
Scheme 3 explains BCPs (rc, *) and r(X, Y) employed in the
calculations.41,43 AIM parameters are calculated with the Gauss-
ian 03 program38 and analyzed by the AIM2000 program.44

Results and Discussion

Table 1 collects the values for AIM functions [Fb(rc), (p2/
8m)32Fb(rc) () Hb(rc) - Vb(rc)/2), Hb(rc), Gb(rc), and Vb(rc)]
and AIM parameters [k () Vb(rc)/Gb(rc)), R, θ, θp, and κp]
calculated at the MP2 level, together with ro(X, Y) for various
interactions in Scheme 2. Data at BCPs of the five structures
with r ) ro + wao (w ) 0, (0.1, and (0.2) are employed for
each plot, and they are used to evaluate the AIM parameters.

Before discussion of the interactions in Scheme 2, it should
be instructive to explain the behaviors of the AIM parameters
proposed in this work. The pre-explanation will show how the
values are correlated to the interactions. Trihalide ions (X3

-, X
) Cl and Br) are employed for the pre-explanation since X3

-

can be successfully calculated under very long [1X----2X-3X]-

and short [1X-2X---3X]- distances of r(1X, 2X) at the singlet
state. Data for Cl3

- and Br3
- are calculated under a very wide

range of w (-1.2 e w e 10.0) in r ) ro + wao. Selected data
for Cl3

- and Br3
- are collected in Table S1 of the Supporting

Information.
AIM Parameters in Polar Coordinate Representation of

Hb(rc) versus (p2/8m)32Gb(rc). The plot of Hb(rc) versus (p2/
8m)32Fb(rc) () Hb(rc) - Vb(rc)/2) is represented by the polar
coordinate with (R, θ). Relations between the polar coordinate
system (R, θ) and the Cartesian axes system (Hb(rc) - Vb(rc)/2,

SCHEME 2: Interactions Examined in This Worka

a BCPs are described bys*s. Marks and colors are used commonly
in the plots.

SCHEME 3: Bond Critical Points (BCPs: rc, *) on the
X-Y Bonda

a The r(X, Y) are the fixed values for further optimizations, where
ro(X, Y) and ao are the full-optimized distances and the Bohr radius,
respectively.

Polar Coordinate Representation of AIM Analysis J. Phys. Chem. A, Vol. 113, No. 37, 2009 10051



Hb(rc)) are given by eqs 3-8.45 R is given in the energy unit
(au) and θ in the degree unit (°) measured from the y-axis. Each
plot shows a specific curve, which is expressed by the (θp, κp)
parameters. Relations for θp and κp are given in eqs 9 and 10,
respectively, where x and y stand for Hb(rc) - Vb(rc)/2 and
Hb(rc), respectively. θp is the tangent line measured from the
y-direction, and κp is the curvature of the plot. θp and κp are
given in degrees and au-1, respectively. The radius of curvature
Rκ is given by Rκ ) κp

-1. Figure 1 shows the proposed polar
coordinate system.

Behaviors of AIM Parameters in a Helical Stream. Figure
2 shows the plots of Hb(rc) versus Hb(rc) - Vb(rc)/2 for Cl3

-

and Br3
-. Panel (a) in Figure 2 shows the whole picture and

TABLE 1: AIM Functions and Parameters Evaluated for van der Waals Interactions (vdW), Hydrogen Bonds (HB), Molecular
Complexes (CT-MC), Trihalide Ions (X3

-), Chalcogenide Dihalides of Trigonal Bipyramidal Structures (CT-TBP), Weak
Covalent Bonds (Cov-w), and Strong Covalent Bonds (Cov-s) Calculated at the MP2 Levela

species
(X-*-Y)

ro(X, Y)
(Å)

Fb(rc)
(eao

-3)
c32Fb(rc)b

(au)
Hb(rc)
(au)

Gb(rc)
(au)

Vb(rc)
(au)

kc R
(au)

θ
(°)

θp

(°)
κp

(au-1)
comment

He-*-HFd 2.2454 0.0034 0.0022 0.0013 0.0031 -0.0018 -0.591 0.0025 59.9 57.2 8.50 vdW
Ne-*-HFd 2.1982 0.0076 0.0050 0.0019 0.0082 -0.0062 -0.765 0.0054 69.2 84.3 85.37 vdW
Ar-*-HFd,e 2.5142 0.0083 0.0043 0.0020 0.0066 -0.0046 -0.696 0.0048 65.0 76.4 162.97 vdW
Kr-*-HFd,e 2.6423 0.0086 0.0040 0.0017 0.0062 -0.0045 -0.722 0.0043 66.5 80.4 220.94 vdW
NN-*-HFd 2.0293 0.0190 0.0087 0.0015 0.0159 -0.0143 -0.903 0.0088 80.0 126.8 236.37 HB
HF-*-HFd 1.8196 0.0250 0.0125 -0.0002 0.0252 -0.0254 -1.007 0.0125 90.8 128.3 108.51 HB
HCN-*-HFd 1.8238 0.0337 0.0107 -0.0053 0.0267 -0.0320 -1.197 0.0120 116.1 168.6 24.21 HB
H2O-*-HOH 1.9427 0.0244 0.0106 0.0005 0.0208 -0.0203 -0.976 0.0107 87.3 123.8 156.35 HB
Me2O-*-HOH 1.8636 0.0313 0.0121 -0.0021 0.0263 -0.0284 -1.079 0.0123 99.8 148.2 87.70 HB
Me2O-*-Cl2 2.5513 0.0285 0.0128 0.0007 0.0248 -0.0241 -0.971 0.0128 86.8 96.4 30.91 CT-MC
Me2O-*-Br2 2.5913 0.0308 0.0123 -0.0004 0.0250 -0.0254 -1.015 0.0123 91.8 106.6 49.64 CT-MC
Me2S-*-Cl2 2.6331 0.0459 0.0108 -0.0057 0.0273 -0.0330 -1.207 0.0122 117.6 163.4 52.73 CT-MC
Me2S-*-Br2 2.6923 0.0477 0.0093 -0.0078 0.0265 -0.0343 -1.296 0.0122 130.0 169.9 40.53 CT-MC
Me2Se-*-Cl2 2.5700 0.0597 0.0093 -0.0125 0.0312 -0.0437 -1.402 0.0156 143.3 181.5 9.13 CT-MC
Me2Se-*-Br2 2.7286 0.0510 0.0078 -0.0102 0.0257 -0.0359 -1.396 0.0128 142.7 180.1 13.49 CT-MC
[Cl-*-Cl2]-d 2.2956 0.0836 0.0133 -0.0220 0.0485 -0.0705 -1.454 0.0257 149.0 181.6 10.96 X3

-

[Br-*-Br2]-d 2.5474 0.0678 0.0078 -0.0185 0.0341 -0.0526 -1.543 0.0201 157.2 183.8 7.38 X3
-

[Cl-*-BrCl]-d 2.4022 0.0763 0.0100 -0.0225 0.0424 -0.0649 -1.530 0.0246 156.1 182.9 6.21 X3
-

[Br-*-ClBr]-d 2.4392 0.0728 0.0104 -0.0182 0.0390 -0.0572 -1.465 0.0210 150.1 181.3 11.98 X3
-

Me2ClS-*-Cl 2.2650 0.0967 0.0046 -0.0364 0.0457 -0.0821 -1.798 0.0367 172.8 191.7 5.31 CT-TBP
Me2BrS-*-Br 2.4387 0.0810 0.0048 -0.0258 0.0354 -0.0613 -1.728 0.0262 169.4 188.5 8.31 CT-TBP
Me2ClSe-*-Cl 2.3547 0.0869 0.0053 -0.0335 0.0441 -0.0776 -1.759 0.0339 171.0 184.0 0.66 CT-TBP
Me2BrSe-*-Br 2.5196 0.0758 0.0035 -0.0262 0.0333 -0.0594 -1.787 0.0264 172.3 186.6 1.74 CT-TBP
Me2S+-*-Cl 1.9791 0.1714 -0.0241 -0.1197 0.0716 -0.1913 -2.673 0.1221 191.4 198.2 0.03 Cov-w
Me2S+-*-Br 2.1433 0.1402 -0.0110 -0.0798 0.0579 -0.1377 -2.380 0.0806 187.8 193.8 0.32 Cov-w
Me2Se+-*-Cl 2.1089 0.1397 -0.0070 -0.0849 0.0710 -0.1559 -2.197 0.0852 184.7 185.6 1.03 Cov-w
Me2Se+-*-Br 2.2636 0.1207 -0.0075 -0.0636 0.0486 -0.1121 -2.308 0.0640 186.7 190.1 0.37 Cov-w
Cl-*-Cld 1.9845 0.1641 -0.0087 -0.0985 0.0811 -0.1796 -2.213 0.0988 185.0 194.2 0.62 Cov-w
Br-*-Brd 2.2690 0.1171 -0.0040 -0.0586 0.0506 -0.1093 -2.158 0.0588 183.9 190.4 0.24 Cov-w
HC-*-CHf 1.2107 0.4077 -0.1529 -0.6048 0.2990 -0.9039 -3.022 0.6238 194.2 196.1 0.04 Cov-s
H2C-*-CH2

f 1.3349 0.3485 -0.1335 -0.4195 0.1524 -0.5718 -3.754 0.4402 197.7 199.7 0.002 Cov-s
H3C-*-CH3

d,f 1.5236 0.2444 -0.0718 -0.2097 0.0661 -0.2758 -4.170 0.2216 198.9 201.1 0.07 Cov-s
H3C-*-Hf 1.0854 0.2821 -0.1265 -0.3075 0.0546 -0.3622 -6.631 0.3325 202.4 202.3 0.12 Cov-s
H-*-Hf 0.7366 0.2733 -0.1544 -0.3154 0.0065 -0.3220 -49.261 0.3512 206.1 206.4 0.01 Cov-s

a The 6-311+G(3d,2p) basis sets being employed for C and H and the 6-311+G(3df) basis sets for atoms other than C and H. b c ) p2/8m.
c k ) Vb(rc)/Gb(rc). d See also ref 34. e The 6-311G(3df) basis sets being employed for Ar and Kr. f The 6-311+G(3df,3pd) basis sets being
employed for C and H.

Figure 1. Polar coordinate representation of Hb(rc) versus Hb(rc) -
Vb(rc)/2.

Hb(rc) - Vb(rc)/2 ) R sin θ (3)

Hb(rc) ) R cos θ (4)

R ) [(Hb(rc) - Vb(rc)/2)2 + Hb(rc)
2]1/2 (5)

) [2(Gb(rc) + 3Vb(rc)/4)2 + Vb(rc)
2/8]1/2

(cf. eq 1) (6)

) Gb(rc)[5/4(k + 6/5)2 + 1/5]1/2

(Vb(rc) ) kGb(rc)) (7)

θ ) 90° - tan-1 R
(R ) 2(k + 1)/(k + 2) in Hb(rc) ) R[Hb(rc) - Vb(rc)/2])

(8)

θp ) 90° - tan-1(dy/dx) (9)

κp ) |d2y/dx2|/[1 + (d2y/dx)2]3/2

(x ) Hb(rc) - Vb(rc)/2 and y ) Hb(rc) for eqs 9 and 10)
(10)
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panels (b) and (c) in the figure exhibit the partial pictures around
the origin and the full-optimized structures, respectively. The
x- and y-axes in panel (a) are drawn to the same magnitude to
build the real image for the plot. The plots of Hb(rc) and Hb(rc)
- Vb(rc)/2 versus w in r(1X, 2X) ) ro(1X, 2X) + wao for
1X-2X-3X- (X ) Cl and Br) are shown in Figure S1 of the
Supporting Information.

The Hb(rc) and Hb(rc) - Vb(rc)/2 values change largely in
the plots since a very wide range of w (-1.2 e w e 10.0) in r
) ro + wao is employed in the plots.43 The correlation lines in
Figure 2 would correspond to mean helical curves for some
kinds of interactions.34 The first bending points (BP1) for Cl3

-

and Br3
- appear when Hb(rc) are largest (dy/dx ) 0), and the

second bending points (BP2) appear when Hb(rc) - Vb(rc)/2 are
largest (1/(dy/dx) ) 0).

Figure 2 contains the AIM parameters (R, θ; θp, κp) with (w,
k) for Cl3

- and Br3
- at BP1, BP2, OPT (full-optimized

structures; w ) 0.0), A (point A; near origin; w ) 3.5), B (x-
intercepts; Hb(rc) ) 0), and C (w ) -1.0). Interactions at C are
classified as Cov-s for Cl3

- and Cov-w for Br3
-. The R, θ, and

θp values become larger monotonically as k increases, and κp

are very large at around BP1 and B.

Figure 2. Plots of Hb(rc) versus Hb(rc) - Vb(rc)/2 for Cl3
- (b) and

Br3
- (O); (a) whole picture of the plots, (b) partial ones around the

origin, and (c) those around the full-optimized structures. Red circles
correspond to the data at the full-optimized structures. AIM parameters
of (w, k) and (R, θ; θp, κp) for Cl3

- and Br3
- at BP1, BP2, OPT (full-

optimized structures; w ) 0.0), A (w ) 3.5), B (x-intercepts; Hb(rc) )
0), and C (w ) 1.0) are drawn in the figure with stars.

Figure 3. Plots of Hb(rc) versus Hb(rc) - Vb(rc)/2 for the species in
Scheme 2 calculated at r ) ro + wao (w ) 0, (0.1, and (0.2); (a)
whole picture of the plots and (b) the partial one for vdW, HB, CT-
MC, X3

-, CT-TBP, and some Cov-w interactions.
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After pre-explanation of the behaviors of the AIM functions
exemplified by Cl3

- and Br3
-, the next extension is to discuss

the parameters for usual species shown in Scheme 2.
AIM Dual Functional Analysis of Weak to Strong Inter-

actions. Figure 3 shows the plots of Hb(rc) versus Hb(rc) -
Vb(rc)/2 for weak to strong interactions for the species shown
in Scheme 2.

Data at BCPs for the full-optimized and partially optimized
structures with the fixed values (r ) ro + wao; w ) 0.0,
(0.1, and (0.2) are employed for the plots. Panels (a) and
(b) in Figure 3 exhibit the whole picture and the partial one
for vdW, HB, CT-MC, X3

-, and CT-TBP with some Cov-w,
respectively. The x-axis of Figure 3 is drawn to twice the
scale relative to that for the y-axis, which enables us to realize
the helical stream more visually. Data calculated at r ) ro +
wao (w ) (0.1 and (0.2) behave similarly to those at r )
ro in the plots. The plots show a helical figure as a whole.34

Plots bend around the border area between vdW and HB
(BP1) and the area around X3

- (BP2). Each plot gives the
specific curvature; the curvature is represented by the (θp,
κp) parameters, which are given in Table 1.

Coverage in Plots of Hb(rc) versus Hb(rc) - Vb(rc)/2. The
coverage in the plots of Hb(rc) versus Hb(rc) - Vb(rc)/2 must be
closely related to the acceptable range of θ in the plots. The θ
value is controlled by k () Vb(rc)/Gb(rc)) via R as shown in eq
8. The k value must be negative since Vb(rc) < 0 and Gb(rc) >
0. This requirement restricts the range of R () 2(k + 1)/(k +
2)) to be R < 1.0 or R > 2.0; R ) 1.0 (k ) 0) corresponds to θ
) 45.0° () θ1) in the first quadrant and R ) 2.0 (k ) -∞) to
θ ) 206.6° () θ2) in the third quadrant. The line of θ ) θ1 ()
45.0°) in the first quadrant must be the asymptotic line of the
plots for very weak interactions and that of θ ) θ2 () 206.6°)

in the third quadrant is for very strong interactions. In addition,
Hb(rc) must be smaller than Hb(rc) - Vb(rc)/2. Therefore, θ must
be larger than θ1 () 45.0°) but smaller than θ2 () 206.6°) under
the conditions (θ1 < θ < θ2: 45.0 < θ < 206.6°).

The behavior of θ, which depends on k via R, is as follows:
θ becomes larger starting from θ1 () 45.0°) at (k, R) ) (0, 1)
to 90.0° at (-1, 0) in the first quadrant. It increases further to
180.0°, where (k, R) ) (-2, -∞) in the fourth quadrant; θ )
180.0° is also satisfied by (k, R) ) (-2, ∞). The value
approaches a maximum at θ2 () 206.6°), where (k, R) ) (-∞,
2.0) in the third quadrant. Namely, the acceptable range of θ in
the plots is θ1 () 45.0°) < θ < θ2 () 206.6°), as mentioned
above. Other ranges are unlikely since Hb(rc)g Hb(rc) - Vb(rc)/2
for 0.0° e θ e θ1 in the first quadrant, 270.0 e θ e 360.0° in
the second quadrant, and 225.0 e θ e 270.0° in the third
quadrant, together with k g 0 for θ2 e θ e 225.0° in the third
quadrant. Figure 4 illustrates the acceptable range of θ in the
plots, together with some typical values of θ at (k, R).

The helical stream in the plots of Hb(rc) versus Hb(rc) -
Vb(rc)/2 for weak to strong interactions must appear in the
acceptable range of θ. The k controls the range and whole picture
of the helical stream, since θ is determined by k via R. Behaviors
of the AIM parameters, R, θ, θp, and κp, will be discussed next.

Behaviors of R, θ, θp, and Kp in Relation to k. Figures 5-8
show the plots of the parameters, R, θ, θp, and κp, versus k,
respectively. Plots of the AIM functions in Table 2 (Fb(rc),
Hb(rc), and Hb(rc) - Vb(rc)/2) versus k are shown in Figures
S2-S4 of the Supporting Information, respectively.46

R must be controlled both by k and Gb(rc), as shown in eq 7.
Therefore, the relation between R and k may not be simple.
Figure 5 shows the plot of R versus 1/k,46 which is rather simple,
however. The plot is analyzed for TB-MC, X3

-, CT-TBP, and
classical chemical bonds (k e -1), assuming the exponential

Figure 4. Acceptable range of θ in the plots of Hb(rc) versus Hb(rc) -
Vb(rc)/2.

TABLE 2: Typical Ranges of Gb(rc), 32Gb(rc), Hb(rc), and Hb(rc) - Vb(rc)/2 for Some Kinds of Interactions

interaction Fb(rc)a (eao
-3) 32Fb(rc)b (eao

-5) Hb(rc)c (au) Hb(rc) - Vb(rc)/2d (au)

vdW 0.00 < Fbc < 0.01 0.00 < 32Fbc < 0.05 0 < Hbc < 0.003 0 < Hvbc < 0.007
HBs 0.01 < Fbc < 0.04 0.06 < 32Fbc < 0.12 -0.01 < Hbc < 0.003 0.007 < Hvbc < 0.02
CT-MCs 0.02 < Fbc < 0.07 0.06 < 32Fbc < 0.13 -0.02 < Hbc < 0 0.007 < Hvbc < 0.016
X3

- 0.06 < Fbc < 0.10 0.05 < 32Fbc < 0.11 -0.04 < Hbc < -0.01 0.006 < Hvbc < 0.014
CT-TBPs 0.06 < Fbc < 0.12 0.0 < 32Fbc < 0.06 -0.06 < Hbc < -0.02 0 < Hvbc < 0.007
Cov-w 0.1 < Fbc < 0.2 -0.4 < 32Fbc < 0.0 -0.15 < Hbc < -0.04 -0.05 < Hvbc < 0
Cov-s 0.2 < Fbc < 0.5 -1.7 < 32Fbc < -0.4 -0.8 < Hbc < -0.15 -0.2 < Hvbc < -0.05

a Fb(rc) ) Fbc. b 32Fb(rc) ) 32Fbc. c Hb(rc) ) Hbc. d Hb(rc) - Vb(rc)/2 ) (p2/8m)32Fb(rc) ) Hvbc.

Figure 5. Plot of R versus 1/k. The dotted line corresponds to the
correlation for CT-MC, X3

-, CT-YBP, Cov-w, and Cov-s, except for
Me2O · · ·X2 (MC, X ) Cl and Br), H2, C2H4, and C2H2.
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function. The correlation is given in the figure, although data
for Me2O-X2 (MC; X ) Cl and Br), H2, C2H4, and C2H2 are
not contained. R grows rapidly for X3

-, CT-TBP, and classical
chemical bonds (k e -2). The range of 0 > k > -1 corresponds
to the pure CS interactions (Scheme 1). The vdW and HB
interactions belong to the area. R for vdW and HB seem to be
very small relative to the case with k e -2.

Figure 6 shows the plots of θ versus k; θ grows monotonically
as k becomes more negative, which must be the reflection of
the fact that θ is controlled only by k via R (eq 8). How does
θp behave depending on k? Figure 7 displays the plot of θp

versus k, which is similar to that of θ versus k. The resemblance
between the two suggests that a common factor controls both
θ and θp, which must be k. The correlation between θ and θp

will clarify the nature in the plot of Hb(rc) versus Hb(rc) - Vb(rc)/
2. Figure 8 shows the plots of θp versus θ; θp is almost equal
to θ for strong covalent bonds and for very weak vdW
interactions such as He · · ·H-F. On the other hand, θp > θ for
HB, CT-MC, X3

-, and CT-TBP. Namely, the helical figure of
the plots starts from near origin for very weak vdW interactions
with θp ≈ θ. Then, θp precedes along the helical stream by
HB, CT-MC, X3

-, and CT-TBP with θp > θ, as shown in Figure
8. The plots approach to the asymptotic line of y ) 2x (x < 0),
where θp ≈ θ again at the final stage with Cov-s (see Figures
3 and 4). It is worthwhile to comment that θ determines the
helical stream of the plot at the full-optimized structures (w )
0), whereas θp corresponds to the helical stream for each plot

of an interaction, arising from the perturbation calculated with
the fixed bond length with w ) (0), (0.1, and (0.2 in r ) ro

+ wao.
The curvature in the plots of Hb(rc) versus Hb(rc) - Vb(rc)/2

must be the reflection of the nature of each interaction at BCP.
The change in Hb(rc) versus r should be different from that in
Hb(rc) - Vb(rc)/2 versus r. The κp value will be large when Hb(rc)
or Hb(rc) - Vb(rc)/2 can be analyzed assuming the parabolic
curve (versus r). The κp is small for very weak interactions as
in He · · ·H-F (vdW). The magnitude of k is small for the
interaction, and κp increases as the vdW interaction becomes
stronger with the heavier rare gas atoms. It reaches maximum
at around the border area between Kr · · ·HF (vdW) and
NN · · ·HF (HB) (around BP1) and decreases as the interaction
becomes stronger. The κp grows larger again at around CT-MC
(around BP2) (see Table 1). It decreases after the area and
becomes negligibly small for the covalent bonds. It seems
difficult to explain the behavior of κp from k. Figure 9 illustrates
the behavior of κp versus k.

Tables 2 and 3 summarize the typical ranges of the AIM
functions (Fb(rc), 32Fb(rc), Hb(rc), and Hb(rc) - Vb(rc)/2) and
the AIM parameters (k, R, θ, θp, and κp), respectively, for the
specific types of interactions shown in Scheme 2. The values
in Tables 2 and 3 are well separated for weak to strong
interactions. Indeed, some ranges are overlapped, but the data
for the interactions appear on the two-dimensional plane in the
plots of Hb(rc) versus Hb(rc) - Vb(rc)/2. Therefore, the separation
of the data must be much better than that expected from Tables
2 and 3 (see Figure 3). The results demonstrate that the polar

Figure 6. Plot of θ versus k.

Figure 7. Plot of θp versus k.

Figure 8. Plot of θp versus θ. The dotted line corresponds to θp ) θ.

Figure 9. Plot of κp versus k.
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coordinate representation for the plots of Hb(rc) versus Hb(rc)
- Vb(rc)/2 is very useful to classify, evaluate, and understand
weak to strong interactions. The k () Vb(rc)/Gb(rc)) value is the
key parameter of our treatment. The value is also well related
to the SS (k < -2.0), pure CS (k > -1.0), and CS interactions
with 32Fb(rc) > 0 and Hb(rc) < 0 (-2.0 < k < -1.0) (see Scheme
1).

We must be careful when the specific types of interactions
are discussed based on the ranges of the AIM functions and
parameters. The range of Hb(rc) for CT-MC is predicted to be
negative in Table 2 since the range is determined based on
Me2Z · · ·X2 (Z ) S, Se and X ) Cl, Br). However, the range in
Me2O · · ·X2 (X ) Cl and Br) seems to extend over the positive
area. The nature of the CT-MC interaction in Me2O · · ·X2 (X
) Cl and Br) in this case could be understood as follows. The
CT-MC interactions usually belong to the CS region with Hb(rc)
< 0; however, the CT-MC interaction sometimes belongs to the
pure CS interaction with Hb(rc) > 0, such as the case of
Me2O · · ·X2 (X ) Cl and Br). Interactions in Me2O · · ·X2 (X )
Cl and Br) must contain the nature of HB, judging from the
AIM functions and parameters in Table 2. Electrons of the usual
CT-MC interactions are stabilized at BCP, whereas those in
Me2O · · ·X2 (X ) Cl and Br) would be destabilized at BCP.
Namely, the range of an (formal) interaction sometimes does
not correspond to the nature of the typical interaction. It is
worthwhile to comment that the nature of an interaction can be
discussed independently based on the AIM parameters and
functions, irrespective of the typical range of the interaction
(cf: Figure 2). The range should change depending on the species
being employed for the determination.

Conclusion

The polar coordinate (R, θ) representation of the plot for
Hb(rc) versus (p2/8m)32Fb(rc) () Hb(rc) - Vb(rc)/2) is demon-
strated to be useful to classify, evaluate, and understand the
nature of weak to strong interactions in a unified way and in
more detail. The plots construct a helical stream as a whole
starting from the origin (Hb(rc) ) Hb(rc) - Vb(rc)/2 ) 0), and
both Hb(rc) and Hb(rc) - Vb(rc)/2 increase, and then, the plots
turn to the right, drawing a helical figure. The helical nature of
the plots is controlled by the relative magnitudes of Gb(rc) and
Vb(rc) (k ) Vb(rc)/Gb(rc)). R in (R, θ) corresponds to the energy
for an interaction at BCP in the (Hb(rc) - Vb(rc)/2, Hb(rc)) plane
relative to that without any interaction. The helical figure is
expressed by θ measured from the y-axis. The acceptable θ value
is shown to be 45.0 < θ < 206.6°. Each plot of Hb(rc) versus
Hb(rc) - Vb(rc)/2 for an interaction gives a curve, which must
be the reflection of the nature of the interaction at BCP. The
curve is analyzed by θp and κp; θp corresponds to the tangent
line measured from the y-direction, and κp is the curvature of
the correlation for the plot. The k value must be the key
parameter of the treatment. The AIM parameters (k, R, θ, θp,

and κp) are well separated by the interaction groups shown in
Scheme 2. The polar coordinate representation for the plots of
Hb(rc) versus Hb(rc) - Vb(rc)/2 enables us to classify, evaluate,
and understand weak to strong interactions. The interaction map
in chemistry could be developed by applying the method to the
wide range of weak to strong interactions. The treatment will
also help us to understand the nature of the interactions in a
unified way.

Investigations for the applications of the proposed method
are in progress. The results will be reported elsewhere.
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